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Abstract
The amenability of the linear stability analysis for the magnetohydrodynamic thermal
stability problem in completely confined fluids carried by Gupta and Dhiman [J. Math.
Anal. Appl. 262 (2001) 221–228] for extension to the magnetohydrodynamic thermohaline
stability problems of Veronis and Stern type configurations is shown to yield some general
qualitative mathematical results concerning the character of marginal state, stability of
oscillatory motions and limitations on the oscillatory motions of growing amplitude, which
to the best of our knowledge do not appear to have been reported earlier in the literature on
thermohaline stability problem with the same degree of generality.
 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
A broader range of dynamical behaviour is observed in the convective insta-
bilities that may occur when a fluid in a gravitational field contains two compo-
nents of different diffusivities that effect the density, for example, temperature and
solute. This phenomenon is known variously as thermohaline convection, double-
diffusive convection, or thermosolutal convection. Thermohaline convection, like
its classical counterpart, namely, thermal convection (single-diffusive convection)
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has received considerable attention as the paradigm of a continuous fluid system
where complicated dynamics arises from the competition between stabilizing and
destabilizing mechanisms. The study of double-diffusive convection is of practi-
cal importance in many diverse areas involving convective heat and mass trans-
fer, including oceanography, astrophysics, geophysics, geology, limnology and
chemical engineering etc. For a broad and latest review of the subject one may be
referred to Turner [1] and Brandt and Fernando [2].
The presence of two diffusive modes allows either stationary or overstable
flow states at the onset of convection depending on the magnitude of the fluid
parameters, the boundary conditions and the competition between thermal ex-
pansion and thermal diffusion. More complicated double-diffusive phenomenon
appears if the effects of a magnetic field or a rotation oppose the destabilizing
thermal/solute gradient. Intensive studies of the interaction between thermal con-
vection and magnetic fields, on account of its importance in geophysical and as-
trophysical models, show a rich variety of new phenomena. Proctor and Weiss [3]
reviewed this subject and asserted that convection in a magnetic field is now the
best-studied example of double-diffusive convection. Magnetic field can be stabi-
lizing or destabilizing, they are also vector functions that can be concentrated by
convective motions, so there are phenomena that are peculiar to this system.
In the domain of linear stability theory the double-diffusive convection prob-
lem can be described by a set of linear ordinary differential equations with
constant coefficients and homogeneous boundary conditions (Yih [4]). The task
of finding an explicit analytical solutions of these equations (especially when
the boundaries are rigid) and thereby characterizing the critical conditions at the
threshold of instability is not entirely trivial since prohibitive amount of numerical
work is required to affirm oscillatory or non-oscillatory motions as the eigenvalue
equation involves all the parameters of the problem implicitly.
Almost all the papers that are written on the subject of linear stability theory
are confined to horizontal layer geometry on account of complexity of the
problem for arbitrary geometry. However, there do exist a class of results in the
domain of linear hydrodynamic and hydromagnetic stability theory that could be
generalized, as shown by Sherman and Ostrach [5], for the magnetohydrodynamic
thermal stability problem in completely confined fluids. Recently, Gupta and
Dhiman [6] carried forward the analysis of [5] and derived a bound for the linear
complex growth rate of an arbitrary oscillatory perturbation, which may be neutral
or unstable.
The present paper is motivated by the desire to extend the analysis of [6]
to more general problems, namely, magnetohydrodynamic thermohaline stability
problems of Veronis and Stern type configurations for fluids completely confined
in an arbitrary region bounded by rigid walls and permeated by a magnetic field
applied in an arbitrary direction. Following [6] some general qualitative mathe-
matical results concerning the character of marginal state, stability of oscillatory
motions and limitations on the oscillatory motions of growing amplitude are de-
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rived herein. Moreover, some of these results provide simple and elegant exten-
sions of the results of [5] and [6] and thus have a wider scope of applicability. The
residuals of the derived results are new, which to the best of our knowledge do
not appear to have been reported earlier in the literature on thermohaline stability
problem with the same degree of generality.
2. The physical configuration and the basic equations
A viscous, quasi-incompressible (Boussinesq), electrically conducting fluid is
statically confined in a completely enclosed simply connected subset V of the
three-dimensional Euclidean space 3. A constant temperature and concentration
gradient is maintained parallel to the body force, which is gravity here, by the
imposition of certain prescribed thermal and concentration boundary conditions
on the rigid bounding walls. Our objective is to examine the stability of
this configuration when the temperature and the concentration make opposing
contributions to the vertical density gradient and the configuration is permeated
by a uniform magnetic field applied in an arbitrary direction.
The basic equations governing the problem, in vector notations, are given by
ρ0
[
∂ V
∂t
+ ( V · ∇) V
]
=−∇P + ρ X−µ curl curl V
+ µeH0
4π
(curl H)× lˆ, (2.1)
∂T
∂t
+ ( V · ∇)T = κT∇2T , (2.2)
∂C
∂t
+ ( V · ∇)C = κS∇2C, (2.3)
∂ H
∂t
+ η curl curl H =H0 curl( V × lˆ ), (2.4)
∇ · V = 0 =∇ · H, (2.5)
and
ρ = ρ0
[
1+ α(T0 − T )+ α′(C0 −C)
]
. (2.6)
In the above equations V is the velocity field, H is the applied magnetic field, X
is the external force (which is gravity here), ρ is the density, P is the pressure, µ
is the viscosity, µe is the magnetic permeability, lˆ is a unit vector in the direction
of H , T is the temperature, C is the concentration, κT is the thermal diffusivity,
κS is the concentration diffusivity, η is the magnetic diffusivity, H0 = | H | is the
magnitude of the applied magnetic field, α is the coefficient of thermal expansion,
α′ is the analogous concentration coefficient, and ρ0, T0 and C0 respectively
denote the reference density, temperature and concentration.
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3. The perturbation equations and boundary conditions
Following the usual steps of linear stability theory (cf. [4] and [6]), it is easily
seen that the non-dimensional linearized perturbation equations governing the
problem with time dependence of the form exp(pt) (p = pr + ipi) (with minor
notational changes from [6] but compatible with [4]) are given by
p
σ
q =−∇(Π)− curl curl q +RT θkˆ −RSφkˆ +Q(curl h)× lˆ, (3.1)
(∇2 − p)θ =−q · kˆ, (3.2)
(τ∇2 − p)φ =−q · kˆ, (3.3)
curl curl h+ pσ1
σ
h= curl(q × lˆ ), (3.4)
and
∇ · q = 0=∇ · h. (3.5)
In the foregoing equations, q(x, y, z), Π(x,y, z), θ(x, y, z), φ(x, y, z) and
h(x, y, z) respectively denote the perturbed velocity, pressure, temperature,
concentration and magnetic field and are complex valued functions defined on V ,
RT = gαβd4/(κT ν) is the thermal Rayleigh number, RS = gα′β ′d4/(κSν) is the
concentration Rayleigh number, Q = µeH 20 d2/(4πρ0νη) is the Chandrasekhar
number, τ = κs/κT is the Lewis number, and kˆ a unit vertical vector. Further,
with d as the characteristic length, the equations have been cast into dimensionless
forms by using the scales factors κT /d , d2/κT , βd , ρνκT /d2, β ′d and κT H0/η
for velocity, time, temperature, pressure, concentration and magnetic field,
respectively.
Associated with the system of Eqs. (3.1)–(3.5) is a set of homogeneous
and time-independent boundary conditions. We shall limit our consideration to
the region V completely confined by rigid walls, which may be thermal and
concentration-wise conducting or insulating and to the case when the electrical
conductivity of the wall is large in comparison to the fluid (see Sherman and
Ostrach [5]). Thus, we seek solutions of Eqs. (3.1)–(3.5) in the simply connected
subset V of 3 subject to the following boundary conditions: either
q = 0 = θ = φ = nˆ× curl hˆ (3.6)
or
q = 0 =∇θ · nˆ=∇φ · nˆ= nˆ× curl hˆ (3.7)
on the bounding surface S, where nˆ is a unit vector in the direction of an outward
drawn normal to an element of S.
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4. Mathematical analysis
System of Eqs. (3.1)–(3.5) together with the either of the boundary conditions
(3.6), (3.7) constitute an eigenvalue problem for the complex growth rate p =
pr+ ipi for given values of the other parameters, namely, σ , σ1, τ , RS , RT and Q,
and a given state of the system is stable, neutral or unstable according as pr (the
real part of p) is negative, zero or positive, respectively. Further,
(a) pi = 0 and pr  0 describe oscillatory motions of neutral or growing
amplitude;
(b) RT > 0, RS > 0 and Q= 0 describe Veronis’ [7] thermohaline configuration
in the present generalized set-up which for convenience is epitomized in
abbreviated form as GVTHC;
(c) RT < 0, RS < 0 and Q = 0 describe generalized Stern’s [8] thermohaline
configuration (GSTHC);
(d) Γ = T /S takes care of initial density gradient of the configuration and
is referred to as the density anomaly ratio or the stability parameter. To be
precise, Γ < 1 (> 1) implies that the initial density decreases (increases)
vertically upwards. Subsequently, the case Γ < 1 (> 1) will be termed as
initially bottom heavy (top heavy) configuration. Finally, if pr = 0 ⇒ pi = 0,
then the principle of exchange of stabilities (PES) is valid, otherwise, we have
overstability.
We, now, prove the following lemmas and theorems:
Lemma 1 (Poincaré inequality). If f (x, y, z) is any smooth function which van-
ishes on S and l is the smallest distance between two parallel planes which just
contain V , then there exists a constant λ (> 2) such that∫
V
|∇f |2 dv  λ
l2
∫
V
|f |2 dv. (4.1)
Proof. See Joseph [9]. ✷
Lemma 2. If (p, q, h, θ,φ) is a non-trivial solution of Eqs. (3.1)–(3.5) together
with one of the boundary conditions (3.6), (3.7), then the following integral
relations hold:∫
V
q∗ · curl curl q dv =
∫
V
| curl q|2 dv, (4.2)
∫
V
q∗ · curl curl(q × lˆ ) dv =
∫
V
curl(q × lˆ ) · curl q∗ dv, (4.3)
J.R. Gupta et al. / J. Math. Anal. Appl. 276 (2002) 882–895 887
∫
V
q∗ · curl curl(θ kˆ) dv = 0 =
∫
V
q∗ · curl curl(φkˆ) dv, (4.4)
∫
V
q∗ · [(curl h)× lˆ ]dv =−
∫
V
h · curl(q∗ × lˆ ) dv, (4.5)
∫
V
q∗ · [lˆ × curl curl curl h]dv =
∫
V
curl curl h · curl(q∗ × lˆ ) dv, (4.6)
∫
V
h∗ · curl curl hdv =
∫
V
| curl h|2 dv =
∫
V
h · curl curl h∗ dv, (4.7)
∫
V
q∗ · ∇(Π)dv = 0, (4.8)
∫
V
q∗.[∇(divθ kˆ)]dv = 0 =
∫
V
q∗ · [∇(divφkˆ)]dv, (4.9)
∫
V
q∗ · [∇(lˆ · curl curl h)]dv = 0, (4.10)
∫
V
θ∗∇2θ dv =−
∫
V
|∇θ |2 dv =
∫
V
θ∇2θ∗ dv (4.11)
and ∫
V
φ∗∇2φ dv =−
∫
V
|∇φ|2 dv =
∫
V
φ∇2φ∗ dv, (4.12)
where ∗ denotes the complex conjugate and | A|2 = A · A∗ for any vector A.
Proof. If A, B and C are smooth vector-valued functions and ψ is a smooth
scalar-valued function on V such that A× B and ψ C vanish on S, then using the
Gauss’ divergence theorem and the vector identities
div( A× B)= B · curl A− A · curl B
and
div(ψ C)=∇ψ · C +ψ div C
it follows that∫
V
B · curl Adv =
∫
V
A · curl B dv (4.13)
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and ∫
V
∇ψ · C dv =−
∫
V
ψ div C dv. (4.14)
Now, integral relations (4.2)–(4.7) follow from Eq. (4.13) by choosing A and
B appropriately and integral relations (4.8)–(4.12) follow from Eq. (4.14) by
choosing ψ and C appropriately.
This completes the proof of the lemma. ✷
Theorem 1. If (p, q, h, θ,φ), p = pr + ipi , is a non-trivial solution of Eqs. (3.1)–
(3.5) together with one of the boundary conditions (3.6), (3.7) and 0 < τRT RS ,
then
pr = 0 ⇒ pi = 0.
Proof. Suppose pr = 0 ⇒ pi = 0. Then p = 0 and Eqs. (3.1)–(3.4) become
∇(Π)+ curl curl q =RT θkˆ −RSφkˆ +Q(curl h)× lˆ, (4.15)
∇2θ =−(q · kˆ), (4.16)
τ∇2φ =−(q · kˆ), (4.17)
curl curl h= curl(q × lˆ ). (4.18)
If ξ = θ − τφ, then it follows from Eqs. (4.16) and (4.17) that
∇2ξ = 0. (4.19)
Further, in view of boundary conditions (3.6), (3.7), we have
either ξ = 0 or ∇ξ · nˆ= 0 on S. (4.20)
The only solution of Eq. (4.19) in V subject to either of the boundary conditions
given by (4.20) is ξ ≡ 0. Consequently, Eq. (4.15) assumes the form
∇(Π)+ curl curl q = (τRT −RS)φkˆ +Q(curl hˆ)× lˆ. (4.21)
Now, taking the dot product of Eq. (4.21) with q∗ (the complex conjugate of q),
integrating the resulting equation over the domain V and using Lemma 2, we get∫
V
| curl q|2 dv+Q
∫
V
h · curl(q∗ × lˆ ) dv
= (τRT −RS)
∫
V
φ(q∗ · kˆ) dv. (4.22)
Equation (4.22) upon using Eqs. (4.17) and (4.18) and then appealing to Lemma 2
yields the equation∫
V
| curl q|2 dv+Q
∫
V
| curl h|2 dv = τ (τRT −RS)
∫
V
|∇φ|2 dv. (4.23)
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It follows from Eq. (4.23) that
τRT > RS,
a result contrary to the given hypothesis of the theorem. Hence, pr = 0⇒ pi = 0.
This completes the proof of the theorem. ✷
Theorem 1, in the parlance of linear stability theory, implies the occurrence
of overstability for GVTHC as well as hydromagnetic GVTHC if the stability
anomaly ratio RT /RS  1/τ . In particular, overstability occurs if τ < 1 and either
these configurations are initially bottom heavy or RS is sufficiently large.
Theorem 2. If (p, q, h, θ,φ), p = pr + ipi , is a non-trivial solution of Eqs. (3.1)–
(3.5) together with one of the boundary conditions (3.6), (3.7) and 0 <RT  RS
and τ = 1, then pr < 0.
Proof. Since τ = 1, therefore it follows from Eqs. (3.2), (3.3) and boundary
conditions (3.6), (3.7) that
(∇2 − p)χ = 0, (4.24)
where χ = (θ − φ) and
either χ = 0 or ∇χ · nˆ= 0 on S. (4.25)
Multiplying Eq. (4.24) by χ∗ (the complex conjugate of χ ), integrating over the
domain V , using Eq. (4.14) with ψ = χ∗ and C =∇χ , and equating the real parts
of the resulting equation, we get∫
V
|∇χ |2 dv+ pr
∫
V
|χ |2 dv = 0. (4.26)
Suppose pr  0. Then it follows from Eq. (4.26) that
χ = 0.
Now, taking the dot product of Eq. (3.1) with q∗, integrating the resulting over the
domain V , and invoking Lemma 2 and Eqs. (3.3), (3.4), we get
p
σ
∫
V
|q|2 dv+
∫
V
| curl q|2 dv = (RT −RS)
∫
V
(|∇φ|2 + p∗|φ|2)dv
−Q
∫
V
| curl h|2 dv− Qσ1
σ
p∗
∫
V
|h|2 dv.
(4.27)
Equating the real parts of Eq. (4.27), we have
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pr
σ
∫
V
|q|2 dv+
∫
V
| curl q|2 dv +Q
∫
V
| curl h|2 dv + Qσ1
σ
pr
∫
V
|h|2 dv
= (RT −RS)
∫
V
(|∇φ|2 + pr |φ|2)dv. (4.28)
It follows from Eq. (4.28) that
RT > RS,
a result contrary to the given hypothesis of the theorem. Hence, we must have
pr < 0.
This completes the proof of the theorem. ✷
Theorem 2 implies that an initially bottom heavy GTHVC and an initially
bottom heavy hydromagnetic GVTHC is stable if the Lewis number τ has the
value one.
Theorem 3. If (p, q, h, θ,φ), p = pr + ipi , is a non-trivial solution of Eqs. (3.1)–
(3.5) together with one of the boundary conditions (3.6), (3.7) and RT > 0,
RS  0 and 1 δ  τ , then for large Q (or for large RS if Q= 0)
pr  0 ⇒ pi = 0
where
δ =
{
τ, if RS > 0 and Q= 0,
σ/σ1, if RS  0 and Q> 0.
Proof. Operating on Eq. (3.1) by (δ curl curl+p) and using the following vector
identities
curl(ψ A)=ψ curl A+∇ψ × A,
curl( A× B)= ( B · ∇) A− B div A− ( A · ∇) B + Adiv B
and
∇( A · B)= ( B · ∇) A+ ( A · ∇) B + B × curl A+ A× curl B,
with an appropriate choice of ψ , A and B , it follows that
p
(
1+ δ
σ
)
curl curl q + p
2
σ
q + p∇Π
+RS
{
δ
[∇(divφkˆ)−∇2φkˆ]+ pφkˆ}
−RT
{
δ
[∇(divθ kˆ)−∇2θ kˆ]+ pθkˆ}
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+Q{δ[lˆ × curl curl curl h−∇(lˆ · curl curl h)]− p(curl h)× lˆ }
=−δ curl curl curl curl q. (4.29)
Taking the dot product of Eq. (4.29) with q∗, integrating the resulting equation
over the domain V and using Lemma 2, we have
p
(
1+ δ
σ
)∫
V
| curl q|2 dv + p
2
σ
∫
V
|q|2 dv
+RT
∫
V
(δ∇2θ − pθ)(q∗ · kˆ) dv−RS
∫
V
(δ∇2φ − pφ)(q∗ · kˆ) dv
+ pQ
∫
V
h · curl(q∗ × lˆ ) dv+Qδ
∫
V
curl curl h · curl(q∗ × lˆ ) dv
=−δ
∫
V
q∗ · curl curl curl curl q dv. (4.30)
Since Q (the ratio of magnetic to viscous forces) is very large, the effect of
viscosity is thus significant near the bounding surfaces and in the above equation
the integral on the right hand side (resulting from the viscous forces) is negligible
in comparison with the last integral on the left hand side (resulting from the
magnetic force) (cf. Sherman and Ostrach [6]). Consequently, taking the right
hand side of Eq. (4.30) to zero, eliminating (q∗ · kˆ) and (q∗× lˆ ) from the resulting
equation by using Eqs. (3.2)–(3.4) and then appealing to Lemma 2, we get
p
(
1+ δ
σ
)∫
V
| curl q|2 dv + p
2
σ
∫
V
|q|2 dv
−RT
∫
V
(
δ|∇2θ |2 + |p|2|θ |2)dv−RT (p∗δ+ p)
∫
V
|∇θ |2 dv
+RS
∫
V
(
τδ|∇2φ|2 + |p|2|φ|2)dv +RS(p∗δ+ τp)
∫
V
|∇φ|2 dv
+Q
∫
V
(
δ| curl curl h|2 + |p|
2σ1
σ
|h|2
)
dv
+Q
(
p∗δσ1
σ
+ p
)∫
V
| curl h|2 dv = 0. (4.31)
Equating the imaginary part of Eq. (4.31) to zero and assuming pi = 0, we get
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(
1+ δ
σ
)∫
V
| curl q|2 dv+ 2pr
σ
∫
V
|q|2 dv−RT (1− δ)
∫
V
|∇θ |2 dv
+RS(τ − δ)
∫
V
|∇φ|2 dv+Q
(
1− δσ1
σ
)∫
V
| curl h|2 dv = 0. (4.32)
Equation (4.32) cannot obviously be satisfied under the conditions of the theorem.
Hence, we must have
pi = 0.
This completes the proof of the theorem. ✷
Theorem 3 implies that for the hydromagnetic GVTHC an arbitrary neutral or
unstable mode is definitely non-oscillatory in character and in particular PES is
valid if σ1  σ  τσ1. Further, the theorem also implies the validity of this result
for the
(i) GVTHC if τ  1;
(ii) hydromagnetic generalized Rayleigh–Bénard convection (GRBC) if σ1  σ
(Sherman and Ostrach [6]).
We note that (i) generalizes Veronis’ [7] result to arbitrary regions with rigid
boundaries.
The subsequent theorem provides limitations on the complex growth rate of
oscillatory motions of growing amplitude for the problem under consideration,
when the sufficient conditions of Theorem 3 are violated. However, we first prove
the following lemma.
Lemma 3. If (p, q, h, θ,φ), p = pr+ ipi , pr  0, pi = 0, is a non-trivial solution
of Eqs. (3.1)–(3.5) together with one of the boundary conditions (3.6), (3.7), then
the following integral inequalities hold:∫
V
|∇θ |2 dv < l
2
λ|p|
∫
V
| curl q|2 dv, (4.33)
∫
V
| curl h|2 dv < σ
σ1|p|
∫
V
| curl q|2 dv, (4.34)
∫
V
|∇φ|2 dv < l
2
τλ|p|
∫
V
| curl q|2 dv. (4.35)
Proof. Inequalities (4.33) and (4.34) have been derived in [6]. Further, starting
from Eq. (3.3), emulating the derivation of inequality (4.33), mutatis mutandis,
we obtain inequality (4.35). ✷
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Theorem 4. If (p, q, h, θ,φ), p = pr + ipi , pr  0, pi = 0, is a non-trivial
solution of Eqs. (3.1)–(3.5) together with one of the boundary conditions (3.6),
(3.7) and RT > 0, RS  0 and τ < δ < 1, then for large Q (or for large RS
if Q= 0)
|p|< minimum
[(
RSl
2
τλ
+Q
)
σ, δˆ
{
τRT (1− δ)+RS(δ− τ )
}]
where
δˆ = l
2σ
τλ(σ + δ) ,
δ is as in Theorem 3 and l and λ are as in Lemma 1.
Proof. Using inequalities (4.33)–(4.35) in Eq. (4.32), we get
(σ + δ)
σ |p|
{|p| − δˆ[τRT (1− δ)+RS(δ− τ )]}
∫
V
| curl q|2 dv
+ 2pr
σ
∫
V
|q|2 dv < 0. (4.36)
Inequality (4.36) clearly implies that
|p|< δˆ[τRT (1− δ)+RS(δ− τ )]. (4.37)
Further, operating on Eq. (3.1) by ((1/Q) curl curl), taking the dot product of the
resulting equation with q∗, and proceeding exactly as in Theorem 3, we have the
following analogue of Eq. (4.31):
p
σ
∫
V
| curl q|2 dv−RT
∫
V
(|∇2θ |2 + p∗|∇θ |2)dv
+RS
∫
V
(|∇2φ|2 +p∗|φ|2)dv
+Q
∫
V
(
| curl curl h|2 + p
∗σ1
σ
|h|2
)
dv = 0. (4.38)
Equating the imaginary part of Eq. (4.38) to zero and assuming pi = 0, we get
1
σ
∫
V
| curl q|2 dv+RT
∫
V
|∇θ |2 dv
=
∫
V
|∇φ|2 dv+ Qσ1
σ
∫
V
| curl h|2 dv. (4.39)
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Equation (4.39) coupled with inequalities (4.34) and (4.35) leads to the inequality
{
1
σ
− RSl
2
τλ|p| −
Q
|p|
}∫
V
| curl q|2 dv +RT
∫
V
|∇θ |2 dv < 0. (4.40)
It follows from inequality (4.40) that
|p|<
(
RSl
2
τλ
+Q
)
σ. (4.41)
Now, it follows from inequalities (4.37) and (4.41) that under the conditions of
the theorem, we must have
|p|< minimum
[(
RSl
2
τλ
+Q
)
σ, δˆ
{
τRT (1− δ)+RS(δ− τ )
}]
.
This completes the proof of the theorem. ✷
Theorem 4 implies that the complex growth rate of an arbitrary oscillatory
perturbation which may be neutral or unstable for the hydromagnetic GVTHC
lies inside a semi-circle with center origin and
radius= mininum
{(
RSl
2
τλ
+Q
)
σ, δˆ
[
τRT (1− δ)+RS(δ− τ )
]}
(δ = σ/σ1)
in the right half of the complex p-plane.
Further, for the GVTHC and the hydromagnetic GRBC the radius of this semi-
circle is given by
min
{(
RSl
2
τλ
)
σ,
l2σRT (1− τ )
λ(σ + τ )
}
and min
{
Qσ,
l2RT (σ1 − σ)
λ(σ1 + 1)
}
,
respectively. We note that the latter result concerning hydromagnetic GRBC is the
main theorem in [6].
Theorems 1–4 have the following analogues for the hydromagnetic GSTHC:
Theorem 5. If (p, q, h, θ,φ), p = pr + ipi , is a non-trivial solution of Eqs. (3.1)–
(3.5) together with one of the boundary conditions (3.6), (3.7) and RT < 0,
RS < 0 and |RS | τ |RT |, then pr = 0 ⇒ pi = 0.
Theorem 6. If (p, q, h, θ,φ), p = pr + ipi , is a non-trivial solution of Eqs. (3.1)–
(3.5) together with one of the boundary conditions (3.6), (3.7) and RT < 0,
RS < 0, |RS | τ |RT | and τ = 1, then pr < 0.
J.R. Gupta et al. / J. Math. Anal. Appl. 276 (2002) 882–895 895
Theorem 7. If (p, q, h, θ,φ), p = pr + ipi , is a non-trivial solution of Eqs. (3.1)–
(3.5) together with one of the boundary conditions (3.6), (3.7) and RT < 0,
RS  0 and τ  δ1  1, then for large Q (or for large |RT | if Q= 0)
pr  0 ⇒ pi = 0
where
δ1 =
{1, if RS < 0 and Q= 0,
σ/σ1, if RS  0 and Q> 0.
Theorem 8. If (p, q, h, θ,φ), p = pr + ipi , pr  0, pi = 0, is a non-trivial
solution of Eqs. (3.1)–(3.5) together with the boundary conditions (3.6) and
RT < 0, RS  0 and 1 < δ1 < τ , then for large Q (or for large |RT | if Q= 0)
|p|< minimum
[( |RT |l2
λ
+Q
)
σ, δˆ1
{
τ |RT |(δ1 − 1)+ |RS |(τ − δ1)
}]
where
δˆ1 = l
2σ
τλ(σ + δ1) ,
δ1 is as in Theorem 7 and l and λ are as in Lemma 1.
Proofs of Theorems 5–8 are exactly similar to those of Theorems 1–4 and are
therefore omitted.
Dedication
We dedicate this paper to the sweet and everlasting memories of Anoop Gupta,
the cynosure of our eyes.
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